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2In the simplest case, where the detuning and strength
of the coupling are xed and the phase  varies from 0
to 2, the eigenstates of the particle describe a loop C in
the bloch sphere and Berry's adiabatic geometric phase
is (up to a  sign)
 = (1   cos ): (2)







We will now calculate the phase taking into account
that a more rigorous description of the oscillating eld
that drives the spin-1/2 particle involves a quantum eld.
This means that the eld can not be considered anymore
an external variable, it is part of the system itself, and
its state can be manipulated by varying the parameters
of the Hamiltonian. In the initial situation we consider
the Hamiltonian of a spin-1/2 particle interacting with a



















where  is the frequency of the eld described in terms
of the creation and annihilation operators a and a
y
, !
is the transition frequency between the eigenstates of the
particle and  the coupling constant. It can be seen by re-
placing the operators a and a
y
by the classical amplitude
 that this Hamiltonian corresponds to the semiclassical
Hamiltonian (1) before the rotation involving  has been
applied. In the standard semiclassical experiment previ-
ously introduced, the variation of the state was induced
by an adiabatic change of the phase of classical eld. In
the fully quantized context we need a procedure capable
to generate an analogous phase change in the state of the
eld. To this end we introduce the phase shift operator
U () = exp ( ia
y
a) that, applied adiabatically to the
Hamiltonian of the system, is capable to change the state
of the eld. Changing  slowly from 0 to 2 the Berry





















i are the eigenstates of the Hamiltonian (3).







= (1  cos 
n




=  (1   cos 
n









(n+ 1). It is important to
note that for n = 0 the phase is dierent from zero, which
means that the vacuum eld introduces a correction in
Berry's phase. Moreover, if we consider a coherent state
with large amplitude we recover the semiclassical result
(cos 
n
 cos ). We now have a general expression for
the Berry phase considering the quantum nature of light.
This expression is relevant when systems are driven by
elds with few photons and Berry's result is recovered
when the photon number grows.
In order to study the physical meaning of the second
term we need a non-trivial contribution that is dier-
ent from an integer multiple of 2. Therefore, we now
describe a scheme were the particle interacts with two




















describing a spin-1/2 particle interacting with one mode
of the eld with creation and annihilation operators a
and a
y
through a Jaynes-Cummings resonant interaction
with coupling constant  and a second mode of the eld
with creation and annihilation operators b and b
y
and
frequency  which initially does not interact with the
particle nor the rst mode of the eld. The eigenstates









(je; ni  jg; n+ 1i)jn
0
i: (8)
The state vector is a product state of the states jn
0
i of
the eld with modes b and b
y
and the Jaynes-Cummings
eigenstates of joint state of the eld with modes a and
a
y
and the particle. Now we are allowed to exploit the
second mode to perform a more general class of trans-
formations, using the mode b as an "ancilla". Instead
of changing phase of the eld and detuning between the
two level system and the eld, we consider the possi-
bility of linearly mixing the two modes in a cyclic way,
without any direct action on the degrees of freedom of
the two level system. Before considering this transfor-
mation let's introduce some notation. The operation of
linear mixing of two modes can be represented in a suit-































The physical meaning of this operator can be easily un-
derstood if we look at the two modes as two dierent
polarization of the same spatial mode. The Schwinger
operators can then be interpreted as the generators of
the polarization transformations, or in more abstract
terms they determine rotations in the Poincare's sphere
S
2
 SU (2)=U (1). In order to generate a Berry phase we
perform a cyclic loop in the Poincare's sphere, changing
adiabatically the Hamiltonian by means of the unitary
transformation:





























3This Hamiltonian describes spin-1/2 particle interacting
simultaneously with two modes of the eld through a
Jaynes-Cummings Hamiltonian where the mode phases
and the coupling between spin-1/2 particle and each
modes are adiabatically varied through the parameters












 is the solid angle subtended by the cyclic loop
in the Poincare's sphere. The phase dependence on
the photon number is not trivial and can be measured





i and the ground state jg; 0; 0i, which
is the only state that acquires no geometric phase. The
most remarkable case is obtained with the initial state










i). Indeed, even though the
eld is in a vacuum state the geometric operations per-









Clearly, this result has no semiclassical correspondence,
on account of the absence of a classical interpretation of
a vacuum state. However, it is worth investigating the
physical meaning of the equation (11). An interpretation




be provided in terms of a polarized eld not-interacting
with the two level system, subjected to a rotation of its
polarization [2, 14]. Indeed, this term has a classical ori-
gin that can be understood as follows. Suppose a beam of
classical polarized light traverses an anisotropic dielectric
such that its polarization slowly rotates and performs a
closed loop in the Poincare's sphere due to the variation
of dielectric properties along the direction of propaga-
tion. According to Maxwell's equations, if the variation
in the medium is slow enough, the beam of light acquires
a geometric phase. Therefore, if  and  are the com-
plex amplitudes of the two eigenmodes of the dielectric,







, respectively. If the same
experiment is analyzed in a context where the electro-
magnetic eld is quantized, we expect to see the same
eect. If we quantize the two modes by substituting the
complex amplitude  and  with the corresponding an-
nihilation operators a and b, the eect of the geometric











Clearly, if we consider coherent states of the eld the clas-







fore, if we look at the two modes a and b in equation (7)




)=2 is the geometric phase corresponding to the
polarization rotation of an electromagnetic eld not in-
teracting with the two level system. Then the question
is: what is the physical origin of the term (12)? Clearly
the interaction with the two level system is responsible
for the appearance of this term. To have a picture of how
this term come into play, we can consider the semiclassi-
cal limit of the two level system interacting with the eld.
Suppose that modes a and b of the eld initially are in a
coherent state ji and ji, respectively, and the particle
is in the linear combination (jei  jgi). Now, the state is
adiabatically transformed by means of the operator (9)
whose parameter are slowly varied along a close loop in
the parameter space ; . In the limit of large amplitude
coherent state ji (jj >> 1) the state is transformed as














After the adiabatic evolution, the amplitudes  and  of
the coherent states acquire a phase 
=2 and  
=2, re-
spectively. According to the result (13) obtained in the
case of a eld non-interacting with the two level system,
this phase is associated with the polarization rotation,
and originates from the term 
(n   n
0
)=2 of the equa-
tion (11). Since in the large amplitude coherent state
the two level system is approximately not entangled with
the eld, the term (12) appears in the last equation as a
phase associable to the state of the two level system only.
Under this condition exist a possible explanation of the
phase (12) in terms of a semiclassical model. Consider
the semiclassical Hamiltonian (1) in the resonant case
( = 0). Suppose to rotate the polarization direction of
the classical eld. Coherently with the previous notation























. During the rotation the eld
acquires a geometric phase (s) that depends on the path
s followed by the the vector  on the Poincare's sphere.
Since this phase is not integrable, the state of the eld
cannot be specied completely in terms of the parame-
ters  and  only, but it needs to be expressed also as
a function of the path s. Then, in a more complete de-
scription, the state of polarization has to be expressed
as ~(; ) = e
i(s)
(; ): Since the eld is a parameter of
the semiclassical Hamiltonian, in the expression (1) the
eld must be considered together with its phase factor
e
i(s)
. Therefore, the Hamiltonian is no longer a func-
tion of  and  only, but depends, through the eld, also
on its previous "history". Taking into account this fur-







+ h:c: : (16)
4This means that the eigenstates of (16) are functions also
of the geometric phase (s). The presence of the geomet-
ric phase in the Hamiltonian becomes non trivial when
the eld performs a closed loop in its parameter phase.
At the end of this loop the state have experienced a global
transformation due to the geometric phase accumulated
by the eld in its evolution. For example, starting from
parameters  = 0 and  = 0 after a closed loop the













jgi; which is the result expected from the
quantum description (see (14)).
On the other hand the classical picture fails to ex-
plain the phase 
=4 when the system involve a eld with
low number of photons. The entanglement in the eigen-
states (8) cannot be neglected in this case, and the ex-
pression (12) cannot be interpreted as a phase of the two
level system only. A remarkable explanation of the origin
of the phase 
=4 can be provided in terms of the vacuum
uctuation of the eld. Due to the entanglement of the
eigenstates (8) the eld is not in a pure states, and must





i. It is still possible to provide an operationally
well dened generalization of geometric phase when a
system is in a mixed state. According to the denition
introduced by Sjoqvist et al. [15], the geometrical phase





jkihkj evolving under a
closed, adiabatic transformation U can be expressed in














is Berry's phase related to the eigenstate jki.






j, evolving under the
transformation (9) leads to the geometric phase given by
the expression (11). In case of n = n
0
= 0 the phase 
=4
is obtained. This phase is therefore determined by the
vacuum photon uctuation due to the interaction with
the two level system. The average number of photons
in the the state of the eld determines the non integer
number "n  n
0
+ 1=2" multiplying the classic geometric
phase 
=2 in the expression (11).
The Berry phase is usually described as the phase ac-
quired by the state of a system when an adiabatic and
cyclic change in the state is generated by means of varia-
tions on external classical elds acting on a quantum sys-
tem. However, in physics there are many striking eects
of eld quantization. We have investigated the canonical
example of the Berry phase giving a rigourous descrip-
tion of the eld. We considered the quantum nature of
the eld in the geometric evolution for a spin-1/2 par-
ticle rotating in a cyclic fashion by means of a slowly
varying magnetic eld and found a general expression
for the phase which reduces to the standard result in the
semiclassical limit and presents vacuum induced eects.
In addition, we have shown how to generate a vacuum in-
duced phase in the state of a spin-1/2 particle using the
most general rotation in the space of the system, which
corresponds to a two mode displacement operator that
mixes the modes of the eld. This result opens up a new
arena to study the consequences of eld quantization in
the geometric evolution of states. We are investigating
possible applications of this eect and its connections to
other quantum eects in dierent systems.
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